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Abstract

We know that the classical Mittag-Leffler function play an important role as solution of frac-
tional order differential and integral equations. We introduce the j-generalized p - k Mittag-leffler
function. We evaluate the second order differential recurrence relation and four different inte-
gral representations and introduce a homogeneous linear differential equation whose one of the
solution is the j-generalized p-k Mittag-Leffler function.

Also we evaluate the certain relations that exist between j-generalized p - k Mittag-leffler func-
tion and Riemann-Liouville fractional integrals and derivatives.

We evaluate Mellin-Barnes integral representation of j-generalized p-k Mittag-Leffler Function.
The relationship of j-generalized p-k Mittag-Leffler Function with Fox H-Function and Wright
hypergeometric function is also establish. we obtained its Euler transform, Laplace Transform
and Mellin transform.

Finally we derive some particular cases.
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1 Introduction

The two parameter pochhammer symbol is recently introduce by [9], equation 2.1, in the form,

1.1 Definition

Let x € C;k,p € R — {0} and Re(z) > 0,n € N, the p - k Pochhammer Symbol (i.e. Two
Parameter Pochhammer Symbol), (), is given by

p

p@ni = (G EEF P +20) (0 + (= D). (1.1)

And the Two Parameter Gamma Function is given by [9], some of it’s result are,
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1.2 Definition

For x € C/kZ ;k,p € RT — {0} and Re(z) > 0,n € N, the p - k Gamma Function (i.e. Two
Parameter Gamma Function), ,I'y(x) as

1 nlp" 1 (np)
I'g(z) =~ lim ——— 1.2
o +1 €1
1 nlp" T (np)k~
r =—- lim ————. 1.3
D k(‘r) A n1—>120 p(m)n,k ( )
The integral representation of p - k Gamma Function is given by
o0 tk
oLr(z) = /0 e P v Lt (1.4)
P = P @
JTu(r) = (2)Ery(e) = Eor (D). (15)
D x
@k = )@k = )" (Do (16)
Also for Generalized p - k Pochhammer Symbol, we have
b ng ngq L ngq 1 % +r— 1
p(T)ng k= (%) (@)ng,k = (p) (E)nq = (pq) H(#)n (L.7)
r=1
Fk(l' + nk)
np = 1.8
Lz + k) = k: P Th(). (1.9)
np p(@)n-1k = p(@)nk = p(& = K)n k- (1.10)
And
p(@)nrjk = p(@)jk X p(@ + JF)n k- (1.11)

The Mittag-Leffler function E,(z) introduced by Gosta Mittag-Leffler [4] in 1903, defined as

o0

=> ———— (1.12)
! Ian+1)

Here z € C,a > 0.

Wiman [2] generalized E,(z) in 1905 and gave F, g(z) known as Wiman function, defined
as N "

z) = ; Flan T 7)° (1.13)
Here z,a, 8 € C; Re(a) > 0, Re(8) > 0.

Prabhakar [17] in 1971, gave next generalization of Mittag-Leffler function and denoted as
E,, 5(2) and defined as

zn

:nzzor(awrﬁ)n!' (1.14)

Here z,a, 8,7 € C; Re(a) > 0, Re(B) > 0, Re(y) > 0.
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Shukla and Prajapati [1] in 2007, gave second generalization of Mittag-Leffler function and
denoted it as E"4(z) and defined as,

0 n

oI P i ¢} L N 115
a3 (%) ngo I'(an + ) n! (1.15)

Here z,a, 8,y € C; Re(a) > 0, Re(f) > 0, Re(y) > 0 and ¢ € (0,1) U V.

The function E]'%(z) converges absolutely for all z if ¢ < Re(a) + 1 and for [z[ < 1 if

g = Re(a) 4 1. It is entire function of order ﬁ@)'

Gehlot K.S.[8] introduce Generalized k- Mittag-Leffler function in 2012, denoted as GE] 5(2)
and defined for k € R;z,a, 5,7 € C; Re(a) > 0, Re(f) > 0, Re(y) > 0 and ¢ € (0, l)UN ‘as,

o0

GE]Z;Z‘B( ) = Z% Fk((ggtnj:kﬂj(n')7 (116)

where(y)ng is the k- pochhammer symbol and I';(x) is the k-gamma function given by [15].
The generalized Pochhammer symbol is given as,

(V)ng = W qq"T_Hl(WM)m if ¢ € N. (1.17)

Gehlot K.S.[9], Introduce The p- k Mittag-Leffler function in 2018, denoted by ,E;"? 5(2) and
defined for k,p € RT—{0}; o, 8,7 € C/kZ~; Re(a) > 0, Re(B) > 0, Re(y) > 0 and g € (0,1)UN

n

E’%

nqk z
1.18

Where ,(7)ng,k is two parameter Pochhammer symbol given by equation (1.1) and ,I(z) is the
two parameter Gamma function given by equation (1.3).

L.L.Luque [14]in the year 2019, introduce the L-mittag-Leffler function defined for «, 3,y €
C; Re(a) > 0, Re(B) > 0, Re(y) > 0,5 € Ny by the series

o0 n

L19(2 Wnts 2 : 1.1
Z I'(na+B) (n+3)V (z€0) (1.19)

The Fractional Integral operators ([16], Definition 2.1, Page 33) are defined as,

(2, f)(z) = F(lﬂ) /0 ’ - f (:))1 _dt, (2 > 0), (1.20)

and

(I f)(z) = F(lﬁ) /:o ; f(zt))wdt, (> 0), (1.21)

The Fractional Derivative ([16], Definition 2.2, Page 35) are defined as,

(Dg+f)(z) (j )[Re(ﬂ)]-‘rl( 3 9+ [Re( ﬁ)]f)( )
1 d 2 t
T T(1—10 + [Re(®))) (dz)[Rew)m/o (Z,_,fyg_)[mwdt, (z>0), (1.22)
and
(D2)(2) = (— ) RO (IO gy )
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1 d > f(®)
_ A\ [Re()]41
A= d+Re@) & / (t =)ot 4 (2> 0) (1.23)
Where 9 € C(Re(9) > 0) .
Wright generalized hypergeometric function [15];
(alaAl)’-'w(aPaAp); 0 szl F(ai —i—Am)z”
g 2| =) 3L . (1.24)
. — \_, I'(B; + Bin)n!
(/81731)7"'a(/8anq)a n=0 J
(a17A1)7--~7(ap7Ap); 1 (1_a17A1)""7(1_ap’Ap);
p¥q z | = Hp,’gﬂ —z |
(ﬂl: Bl)7 vy (ﬂqa Bq)a (07 1)7 (1 - /61) Bl)7 ceey (]— - ﬂqa Bq)’
(1.25)
Where H,¢"[.] denotes the Fox H-function.
Euler Beta transform,[6],
1
B[f(2) : a,b] = / 22771 = 227 f(2)dz. (1.26)
0
Laplace transform,([7],equation3.1.1),
LIf(2) : 5] = / 5 f(2)dz. (1.27)
0
Mellin transform,([7],equation 4.1.1),
M[f(2) : s] :/ 257 f(2)dz = f*(s), Re(s) > 0, (1.28)
0
then
£6) =M (s) sl = [ 1), (1.29)

Throughout this paper Let C, R*, Re(), Z~, Ny and N be the sets of complex numbers, positive
real numbers, real part of complex number, negative integer, whole number and natural numbers
respectively.

2 The j-generelized p - k Mittag-Leffler function

In this section we introduce the j-generelized p - k Mittag-Leffler function and prove some of its
properties.

2.1 Definition

Let k,p € Rt —{0};,8,v € C/kZ™;Re(e) > 0,Re(B) > 0,Re(y) > 0, j € Ny and ¢ €
(0,1) U N. The j-generelized p - k Mittag-Leffler function denoted by %Ezg (%) and defined as

iga _ p(W)(nJrj)q,k 2" . -
»Eia (%) 2 (ot B) (n 4 7)1 zeC (2.1)

Where ,(7)ng,k is two parameter Pochhammer symbol given by equation (1.1) and , I} (z) is the
two parameter Gamma function given by equation (1.3).
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Particular cases : For some particular values of the parameters j, p, q, k, a, 5, we can obtain
certain defined and undefined Mittag-LefHer functions:

(a) For j = 0 equation (2.1), reduces in the p-k Mittag-Leffler functions defined by [10],

o0

OE'yq _ 77’(7)”‘17’“ ij zeC. 2.2
kaﬁ( ) nz;)ppk(na"‘ﬁ) n ( )

(b) For ¢ = 1 equation (2.1), reduces in j form of p-k Mittag-Leffler functions defined as,

j g _ Va2 . N
Phos) = 2 RGar p g ¢ (23)

(c) For ¢ = 1,p = k equation (2.1), reduces in j form of k- Mittag-Leffler functions defined as,

n
gy Jowine 2 eC. 2.4
ka,ﬁ Z[’k TLOé—i—B ) (n+ )’ z (2.4)
(d) For ¢ = 1,5 = 0 equation (2.1), reduces in generalized form of k- Mittag-Leffler functions
defined as.
> (7)71 k2"
pEln p(z) = — . (2.5)

2 Ti(na+ B)(nl)

(e) For p = k,j = 0 equation (2.1), reduces in Generalized k- Mittag-Leffler functions defined
by [8].

REpap(2) = 220 kF:((;O)é”j_’k;)(n!) = GEY 4(2). (2.6)

(f) For p=k,q=1,j = 0 equation (2.1), reduces in k - Mittag-Leffler functions defined by [3].

> (Vnk 2"
E’y’ = . =F] . 2.7
kmﬁ( ) Z% [‘k(na + 6)(”') k@z,ﬁ(z) ( )
(g) For p=k and k = 1,j = 0 equation (2.1), reduces in Mittag-Leffler functions defined by [1].

v,q nqz 7,4
1By a,b’ Z I'(na + B)(n!) B Ea,ﬁ(z)' (2.8)

(h)For p = k = ¢ = 1 equation (2.1), reduces in L-Mittag-Leffler functions defined by [14].

o0

(7)n+j 2"
B p(z) =D = L3 (2). (2.9)
= I'(na+ B)(n+)!
(i) For p=k,q=1,j =0 and k = 1 equation (2.1), reduces in Mittag-Leffler functions defined
by [17].
0 n
2l () = Wnz" g 2.10
1 l,a,ﬂ(z) %F(na—i—ﬂ)(n') a,ﬁ('z)a ( )
(j) For p=k,q=1,k=1,j =0 and v = 1 equation (2.1), reduces in Mittag-Leffler functions
defined by [3].
oo Zn
1Eyy () = > Tona 7 = Pes(®) 2.11
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(k) For p =k,qg=1,k=1,7= 1,7 =0 and § = 1 equation (2.1), reduces in Mittag-Leffler
functions defined by [4].

oo
Zn

1E11;1(2) = nZ:;) Tat1) = Eq(2). (2.12)

Theorem 2.1: The j-generelized p - k Mittag-Leffler function defined by equation (2.1) is
an entire function of order )
o

— = Re(=) — 1. 2.13

© = Re(§) — -+ (213)
Proof: Let R is the radius of convergence of the j-generelized p - k Mittag-Lefller function. The
asymptotic Striling formula for Gamma function and factorial are given by, 5]

T(az + b) = V2me % (az)» 102 [1 + o(i)} ,(arg(az +b) < w1 21— 00). (2.14)
and )
n! = \/%e_"(n)”'% [1 + 0(5)] ,(n € N;n — o00). (2.15)

From equation (2.1), we have

00
pEiiap(2) = p;Z()S:ﬁqﬁ (n+4)! Z Cnst
since
R = limsup
n—oo n+1
G mﬂm L sl ot )t L),
Cratl ) (n+j)! P nt1+)ak

using equations (2.19) and (2.20) of [9], we have

a—qk

I(ng+jq+7) HF(W)
I(ng+jq+q+ )11 pretd)

=Mn+1+7)|p

i

Cn—l—l

using equation (2.15), we have

R e
when,
e
Re(E—Fl—q) > 0,

Thus, the j-generelized p - k Mittag-Leffler function is an entire function for ¢ < Re(%) + 1

To determine the order p,
nlnn

= lim sup , (2.16)
’L _ ‘ka(na + ﬁ)(n +4)!
Ch p(W)(nﬂ‘)q,k ’

using theorem 2.19 and 2.20 of [9], we have

L (")
LG+ 0+5)gl

Y pnatB Yt (n+j)ak
P k

‘ 1

n -+ 7)!
. ( J)p

B k
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By using equation (2.12) and (2.13), we get

n R = na—jgtntitg || g—nRe(f+1-q)

=

— k1(2m)2 p(“?’“)nJr%—qu(%)%+%—%

taking In of above equation and put in equation (2.13), we have the order of j-generelized p - k
Mittag-Leffler function is given by

k
Re(a) — gk + Kk

p =
Hence.
Theorem 2.2: The functional relation between the j-generelized p - k Mittag-Lefler func-

tion given by equation (2.1) with p - k Mittag-Leffler function defined by [10] and generelized
Mittag-Leffler function defined by [1] are given by

J =2\ j %q g—2
pEias(2) = (PJ ’“) EL s (2p"F). (2.17)
kk
d .
(%)l[ ]Eli,g( )] = p(Mige #7137 lE,Zquﬂk’q( ), forl<j. (2.18)
(d ) [# %GB ()] = »Oan pELEE(2), forl = (2.19)
d .
(& J [ #ERap(2 )} = s(Miak vELbuita—jal2): for 1> (2.20)

Proof of equation (2.16)

Using equation (1.5) and (1.6), we get the desired result.
Proof of equation (2.17), (2.18) and (2.19)

Using the equation (2.1), in right hand side of (2.17), we have
s [z’ x JELT (2 )] o pMtigr 2
dz! med = yT(na+B) (n+j— 1)

using equation (1.11), we have

ontj—l

d' gk p(y + lgk) Dk
L B jqu p(Vig, P (nti—1gq,
dz! [Z X 9B a,s(2 } Z I'y(na + B) (n+37 1)

)

hence we have,
- lgk, .
= pMigr 7 JTIELLE(2), forl <.
+gk, ,
= p(fY)jq,k pE]Zaqﬁ q( )’ fOT‘l:j.
+igk, .
= p(’)/)lq,k pEz@’%_ﬁlI@_ja(z)v fOT‘ > J-

Theorem 2.3: The following elementary properties are satisfied by the j-generelized p - k
Mittag-Leffler function defined by equation (2.1),

d
kB 5(2) = pBLELE 5. (2 )+ zpo—- JELT n(2). (2.21)
kq—k, k,
Pap(Va-1e 3 ELLE N(z) = JENE 5(2) — B (2). (2.22)
o0
Iy(rgk + k) (xyp)” x+
k+k, e\Tq yp k+k, Yy
Z($+y) Eg%nk+(1]k+k prl“k (rk + jk + k) % Ez?qkkq( D ). (2.23)
n=0 r=0
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Proof of equation (2.20)
Consider the right hand side of equation (2.20),

d
AEPBJEzgngk( )—I—zpadf E}Z ﬂ+k()

using equation (2.1),
n—1

A= n+jq, (nJrJq, nz
pﬁz Fkna+ﬁ—|—k)(n+] +Zpaz Fkna+ﬁ+k)(n+j)!’

_ Zp n+jqkna+ﬁ) "
- pLe(na+B8+k) (n+4)
using the equation (1.9), we have
A= kLB 5(2).
Proof of equation (2.21)
Consider the right hand side of (2.21),

A= BN (2) - E} Rz,

J
p 7a’

using equation (2.1), we have

A= Z Fk no +/6 n+]) (’Y)(n—l—j)q,k - p(’y - k)(n+j)q,k

using equations (1.10) and (1.11), we have

_ +kq—k,
AZPQp(’Y)q 1,k p 1Eza’g q( )

Proof of equation (2.22)
Consider the Left hand side of equation (2.22),

oo
_ nqk+kq
A= Z z+y)" B ointi+1)k 5 (2Y),
n=0

using equation (2.1), we have

> (ngk + k) gy (xy)"
A= u I, 2.24
2 ety Z Lk + g+ k) (r+ )0 220

now simplifying, by using equation (1.5) and (1.6), we have

p(nqk + k)(r+j)q,k = p(r+j)q(nq + 1)(r+j)q7

_ p(r+j)qr(nQ+ (r+Jj)g+1)

[(ng +1)) ’

e L+ 3)g+ 1+ ng) T((r +5)g+1)

L((r+4)g+1) L(ng+1)
p(qu + k)(r+j)q,k
Lr(ngk+k) 7

then equation (2.23) becomes by rearranging the terms, we have

=D

= ka(qu + k)

A= Z pLr(rgk + k) (zyp)” p(rgk + k)(n+j)q,k (»’C + y)n.
pLr(rk + jk + k) nzopfk(qkn—i-k)(n—i-j)! D

This completes the proof.
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3 Fractional Integral and Differentiation of the j-generalized
p - k Mittag-Leffler Function

In this section we evaluate certain relations that exist between the j-generalized p - k Mittag-
Leffler Function and Riemann-Liouville fractional integrals and derivatives. It has been shown
that the fractional integration and differentiation operators of j-generalized p - k Mittag-Lefler
Function with power multipliers into the function of the same form. Also point out some special
cases.

Theorem 3.1 The left-side Riemann-Liouville Fractional Integral Operator 169+ of the j-generalized
p - k Mittag-Leffler Function is given by,

(Ig: [tT”Eggﬂ(t%)D( ) = parti- VB ks (2F). (3.1)
Where

k,p€ R"—{0};a, B,y € C/kZ™; Re(a) > 0, Re(B) > 0, Re(y) > 0,5 € No, q € (0,1)UN and Re(9) > 0.

Proof: Consider left hand side,

A= (I B () (2),

)

by virtue of equation (1.20) and (2.1), we have

1 ek st
AE ]‘L
F(Q?)/O z—t1 192 Fk (na+ f) (n—i—j)dt’

interchanging the order of integration and summation and evaluate the inner integral by substi-
tute t = zu and using the beta function formula, it gives

R I S I NG S ()
) nzoka(na+5) (n+j)! F(%ﬂkﬁ) )

AEZ

using the equation (1.5), we have

9 E+9-1 4 0. 2
A=p°zk v Er o sk (2F)-

Hence, we get the desired result.

Theorem 3.2 The right-side Riemann-Liouville Fractional Integral Operator I of the j-generalized
p - k Mittag-Lefller Function is given by,

e

(Iﬂ[t“_ﬁjEwig( () =pl2 RSB (2R, (3:2)
Where

k,p € RT—{0};a, 8,7 € C/kZ; Re(a) > 0, Re(B) > 0, Re(y) > 0,5 € No, q € (0,1)UN and Re(d) > 0.

Proof: Consider left hand side,

A= ([ D)),
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by virtue of equation (1.21) and (2.1), we have

1 > (n+J)qk t %
A dt
F(z?)/z )= ﬁz Fk (na+B) (n+ )7

interchanging the order of integration and summation and evaluate the inner integral by substi-
tute t = = and using the beta function formula, it gives

& p(Vmtiae 27 % F(%)F(f})
W) = plk(na+ B) (n + j)! F(W) ’

using the equation (1.5), we have

A=p’z kJEzgﬁer( TE).

Hence, we get the desired result.

Theorem 3.3 The left-side Riemann-Liouville Fractional Derivative Operator Dg+ of the j-
generalized p - k Mittag-Leffler Function is given by,

w\p

B_ a _9 _B_
(D [tk 1JE7q5(t’“)])(z):p kY ”Eli,g ko (2

)

)- (3.3)
Where

k,p€ RT—{0};a, 8,y € C/kZ™; Re(a) > 0, Re(B) > 0, Re(y) > 0,5 € Ny, q € (0,1)UN and Re(9) > 0.

Proof: Consider left hand side,

A= (DY IEF SEYY (6)])(2),

)

by virtue of equation (1.22) and (2.1), we have

> B_ %) na
A= 1 (d)[Rew)Hl/ et p(Nntj)gk  t* dt.
I'(1—19+ [Re(V)]) “dz 0 (z—t))=ReW) &= I (na+ B) (n + j)!

interchanging the order of integration and summation and evaluate the inner integral by substi-
tute t = zu and using the beta function formula, it gives

B 00 no no
szﬁ71 P(’Y)(n-i—j)q,k zZk F(T_'_,B)F(ﬁ)

A=

using the equation (1.5), we have

— U V=1 pra
A=p 1]7Ek B ro (2

a—\Q
N—

Hence, we get the desired result.

Theorem 3.4 The right-side Riemann-Liouville Fractional Derivative Operator DV of the j-
generalized p - k Mittag-Leffler Function is given by,

>

(D[t * ”JEyig( RN () =p e R ELL 5 (2. (3.4)
Where

k,p€ R"—{0};a, 8,y € C/kZ " ; Re(a) > 0, Re(B) > 0, Re(y) > 0,5 € Ny, q € (0,1)UN and Re(9) > 0.

10
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Proof: Consider left hand side,
_B i _a
A= (D[RR St R)])(2),

za7ﬁ

by virtue of equation (1.23) and (2.1), we have

A ! (—d)[Rew>]+1/°° k! Z Dovtiar 5,
I(1—9+[Re(®)])" dz L (t— 2)7-[Re®)] Fk (na+B) (n+5)0

interchanging the order of integration and summation and evaluate the inner integral by substi-
tute t = = and using the beta function formula, it gives

N M mgak 2 E (R (9)

A

using the equation (1.5), we have

@

_B
A=pz kjEZi,g o(Z27F).

Hence, we get the desired result.

4 Recurrence Relation and Integral Representation of the j-
generalized p - k Mittag-Leffler Function

In this section we evaluate the recurrence relations and integral representations of the j-generalized
p - k Mittag-Leffler function.

Theorem 4.1 For k,p € R™ — {0}; a+r,8+s+k,yeC/kZ™; Rla+r)>0,R(B+s+k)>
0,R(y) > 0,q € (0,1) UN,j € Ny, we get

p?
2.2
JEIZ Z+r 6+s+k( z)—p E}Z atr, 6+s+2k( z) = 72 [(O‘ +7)°z JE/Z gwrr 5+s+3k( z)

+{(a +7)2 4+ (a+7)(28 4 25 + 2k)z } P s (2)

(B +8)(B+s+2k)IETL, o (e )] (4.1)
2
where jE%q (2) d JE% ( )and jE%q ( ) d E”/q ( )
PHk,0,B dz P kB P™k,0,p dz2 P kB

Proof: The j-generalized p-k Mittag-Leffler function, from equation (2.1),

[e.e]

Jj _ PV nti)ak ?
T e D 7 R E RS (i)

using equation (1.9), we have

: — k (V) (nt-f)ak 2"
J g — i L4 J)9 4.2
p k,a+r,ﬂ+s+k(z) ;:0 ppli(n(a+r)+ B+ s){n(a+7r)+B+s)Hn+ ) (4.2)

and
o0
( )(n+j)q k 2"

I , 4.3
baroson(2 ;prk (a+7)+ B4 s+ 2k)((n+ 7)) (4:3)
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using equation (1.9), we have

v,q n+j)qkzn
ARG E:Op a+r + B+ s)((n+ 7))
P2 {n(a+r)+B8+s)Hnla+r)+B+s+k)}
>k 1 1
]Elzg+rﬂ+s+2k( ?) = ZP[(n(a—i-r)—i-ﬂ—ks) a (n(oz+7°)+,3+s+k)]

n=0

% P(V)(n+j)q,k 2"
ple(n(a+7)+ B8+ s)((n+ 7))’

. k P
%E’Z,gt-l-r,,@-i-s—I—Zk(Z) "2 [k‘ %Ek‘ a+r 5+s+k( ) S]?

p
2
Dy Py,
S = kP Ek o, ﬁ+s+k( z) — M %El’cy,g-i-r,ﬁ—i-s-&-zk(z)v (4.4)
where
= 7)(n+j)q,k 2"
S = £ —, 4.5
;pfk(n(a+r)+ﬁ+s){n(a+r)—I—ﬁ+5+k‘)}((n+])!) (45)
: ) . L1 k 1
applying the simple identity o= wut k) s ; for u =n(a+r)+ 5+ s+ k to (4.5),we
obtain,
S — > k P('Y)(n-‘rj)q,k 2" % 1
plknla+r)+8+5)((n+5))  A{nla+r)+B8+s+EHn(a+r)+ 5+ s+ 2k}
+ Z p<7)(n+])q k 2"
pli(n(a+r)+ B+ s){n(a+r)+ B+ s+ 2k)H(n+5)!)

k{n oz—l—r +B+5}p( )(n+j)q,k 2"
5= Z n(la+r)+ B+ s)((n+ )

1
“Tlarm) + B+ sHnlatr) +B+st kHn(atr)+ 5+ s+ 2k}
N i {n(a+7)+ B4+ sHnla+r)+ B+ s+ (V) ntj)gr 2"
ple(n(a+7)+ B+ s)((n+j)!)
1
“Tlat )+ B+ sHnatr) + B+ st kH{n(a+r) + B +s+ 2k}

using equation (1.9), we obtain

nOp

n=0

_ i E{n(a+7)+ B+ s}p(7) (nti)qk 2"
=k o Din(a+ 1) + B+ s+ 3K)((n+ )

. i {n(a+r)+ B+ sHn(a+7)+ B+ s+ k() (mti)gr 2"

—~ b pTh(n(a +7) + B+ s+ 3k)((n+ ) ’
k3 > p(’)/)(n—i-j)q,k 2"
S—= = Z

P = plen(a+p) + B+ s+ 3k)((n+ )

xn*(a+r)?+2n(a+7r)(B+s+k)+ (B+3)(B+ s+ 2k). (4.6)

12
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We now express each summation in the right hand side of (4.6) as follows:

[e.e]

(2)] = Z . (n+1) p(V) (ntg)ak 2"

JE’Y
k(n(a+7)+ B+ 54 3k)((n+4)!)

k,a+r,B+s+3k

4,
dz o

o0

(2) =) (n 4+ 1) p(M o 2*
Rk, G543k = ple(n(a+ 1)+ B+ s+ 3k)((n+ )1’

J -4
sz

k,a+r,,3+s+3k( )+ E

[e.9]

n (’7)(71—1— 1),k 2"
jE'Yv —_ p 1% . 47
kactrroran(2) = nZ:Oka(n(a—i-r) + B8+ s+3k)((n+7)!) (4.7)

Again
Y P o~ (D) +2) p(Nntiek 2

2 _
@[z pBratrsrsran(?)] = HZ;) pl(n(a+r)+ B+ s+3k)((n+j)!)’

and
2

dz?
2 b
=z ’EZ§+T B+s+3k( z) +4z4 EZZH B+s+3k( z) +2] EIZa+r,ﬁ+s+3k( z), (4.9)

from equation (4.8) and (4.9) we have

2

[z pEIZ:gz—i-r,B-f—s—&-% (Z)]

i {n }p( )(n+j qkz B ZQJE’Y’
Iy(n(a+7)+ B+ s+ 3k)((n+ 4)!) k,otr,B+5+3k

(2)

n=0P

+4z B 32 P it
kot p+s+ak(Z = php(n(a+r) + B+ s+ 3k)((n + )1’

using equation (4.7), we have

[e.9]

Z {n }P( ) (n+7)q,k 2"

Ii(n(a+71)+ B+ s+ 3k)((n+ 7))

n=0P

=7 JE,Z’OHH, Bstar(z) +2 Ek ackrBs+3k (2); (4.10)
applying equation (4.4), (4.7) and (4.10) to (4.6), we get

k3
8=t PRIENL () + (o 7)2 + (a4 7)(28 + 25+ 2K) 2

X QJDEIZ:oqz+r,B+s+3k(Z) + (8 +s)(B + s+ 2k) JEIZ’oH—r ﬁ+s+3k( z),
Hence.
Theorem 4.2 For k,p € R™ — {0}; a+r,8+s+k,ye€C/kZ™; Rla+r)>0,R(B+s+k)>
0,R(y) > 0,q € (0,1) UN,j € Ny, we get

k-1 b p
/0 e s () = LB k(D) = 0Bl o) (A1)
Proof: Put z =1 in equation (4.4) and (4.5), we have
p P*
7q 7q
S = k %Ek a+r,,6’+s+k(1) - ? %E/Z,oz—ﬁ-r,ﬁ—l—s—l—Zk(l)
_ Z p(’Y)(n+j)q,k (4.12)

olk(n(a+r)+5+s){nla+r)+B+s+k)}Hn+5))

13
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now consider the integral,

(t*tT)dt,

— B+s+k—1j 7.9
A:/O e JEkoz—H’B—i—s

using the equation (2.1), we have

)( +7)q,k /1 _
A= n ) tn(a+r)+6+s+k ldt,
Z Oé+7" +B8+s)((n+5)) Jo

P(7)(n+j)q,k
Le(n(a+r)+ B+ s){n(a+r)+ B +s+k)}H(n+5)!)

from equation (4.12), we have the desired result.

Theorem 4.3 For k,p € Rt — {0};,8,7,6 € C;R(a) > 0,R(B) > 0,R(y) > 0,R(5) >
Oandq € (0,1) UN,j € Ny then

1 L5 a
PP LELS sian(2) = F(d)/o w1 = u) BN (2 uk)du. (4.13)

Proof : Consider the right side integral and using equation (2.1), we have

1
AE/O u%_l(l w)®~ IJE,Zgﬁ( wk )du,

1« p(V gk 2" /1 antf_q 51
A= . - u F 1—u)’ du,
F(5)71Z:()pfk(na+5)((n+3)!) 0 ( )

using the definition of Beta function, we have

_ ! p(Mwinar 2" T(EFAT()
4= (o) nz:%pfk(na +B8)((n+ 7)) rente 4 5)’

applying equation (1.5), we have

Wtk =" 5
A= E _ip
= plk(na + B+ 0k)((n+ 7)) P pBila pvor(2);

Hence.

Theorem 4.4 For k,p € R™ — {0};8,v € C;R(B) > 0,R(y) > 0Oand a,q € N,j € Ny,

then
T 1 a—aq
jE77 k ai—l 1_ bl—ai—lE i ( p q )d .
2Bk ka5 (3) 1”1 l||1 Tla) T (b _az)/o w1 —u) L (ur g u
(4.14)
Ptai+i-1 JS41-1
Where a; = 2 T T 2 dpy = E T2

q
Proof : Using definition of j-generalized p-k Mittag- Leffler function, from equation (2.1),

' 00 (7)(n+) kzn
A= BN (2) = e+ B
pErka,5(2) ;)pfk(nka+ﬁ)((n+])!)

14
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using relation (1.11),we have

+ Jqk)ng i 2" (V) g,k 2"
A= p(Mjgk p(v q, p\V)jq, ' 415
nE:Op nakppkﬂ TL+] Z (/3) n+j)) ( )
Whe re D _ P(’V +]qk)nq,

p(ﬁ)na,k ’

using equation (1.6), we have

D= ;D(’Y + jqk)nq,k _ pn(qia)(’y-i_lqu)qn

p(ﬁ)na,k (%)na

using the relation given by equation (1.7), we have
R s
B 41

ol B
+Jjg+i—1 F+l=1
letai—L ndbl=k77

n

D

)

q «
_ o I'(by) I'(a; +n)I'(b — a;)
D_ HHFbl_az (az) (bl_ai“‘ai‘i‘n)’

using the definition of Beta function, we have

q a)g 1@ 1
_ q n a;+n—1 bj—a;—1
D= g 1-— Iy 4.16
1H11H1Fbl_az (ai)/o ! S " (4.16)
from equation (4.15) and (4.16), we have
‘ g a 1 @) 44
_ p('}’)]q,k / a~71 —a;—1 q q’\n
= u®t bj—ai du,
s I v, o | Z e )

Hence.

Theorem 4.5 For k,p € R™ — {0};a,8,7 € C;R(a) > 0,R(B) > 0,R(y) > 0 and ¢ €
(0,1) UN,j € Ny then

A
JE,Z&B( z) = F(%) i et ¢(F+ia— 1>7E;gﬁ(thpq)dt. (4.17)

Proof: Using definition of j-generalized p-k Mittag-Leffler function, equation (2.1), we have

JE'Y a _ p(Mnts)ak 2"
ka’ﬁ( 2= z;)ppk(

na+ B)((n+j)!)’

using equation (1.5) and (1.6), we have

PEVRNER - " p" L (G + g(n + )
PEas ) = D B et B ) @) ’
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) SN pq(nﬂ')

Blas®) = 2 a s B+ ) I(D

/ et ralnti) -1 gy
0

q oo ) o] L pan pqn
JE%q PJ / et ¢(F+ie—1) p at,
ko&,ﬁ( ) I’(%) 0 Z ka(na +,3)((n—|—])|)
B P i (Griem1) Lo
%El’cy,gz,ﬁ(z) = m ; et t(kJrjq 1) %Ek7a7/3(2tqpq)dt.

k
Hence.

5 Integral Transform of the j-generalized P-K Mittag-Leffler
Function

In this section we evaluate Mellin-Barnes integral representation of j-generalized p-k Mittag-
Leffler function, relationship with Fox H-function and Wright hypergeometric function. Also
evaluate Euler Beta Transform, Laplace Transform and Mellin Transform of j-generalized p-k
Mittag-Leffler function.

Mellin-Barnes integral representation of the j-generalized p-k Mittag-Leffler func-
tion.

Theorem 5.1 Let k,p € Rt — {0}; Re(a) > 0, Re(B) > 0, Re(v) > 0,andq € (0,1)UN,j € N,
then the j-generalized p-k Mittag-Leffler function is represented by the Mellin-Barnes integral
as,

?er

. kpla=
]E’Y)q
p k,a,ﬂ(z) 27_(_11—1(%)

/ L(s)I(1=s)I'(F +jg—gs), = F)=5ds. (5.1)

I —ap14j-s)
Where | argz |< 7; the contour integration beginning at —ioo and ending at +ioo, and indented

to separate the poles of the integrand as s = —n for every n € Np(to the left) from those at
X

n .
s = +— for every n € Ny (to the right).
Proof Consider the integral on right side of equation(5.1) and use the theorem of calculus of
residues,
0B .
kp?9™® I'(s)['(1—s)I'(2 — a
A = p7 ’Yk / (8) ﬁ( 8) (k- +]q qs) (_qu—%)—sds
2mil’() I —ar14j—s)
= 2mi[sum of the residues at the poles s = 0,—1, -2, ...]
kp?E I'(s)['(1—s)I'(2 —
4= p’7 g S Re (S+n)[ (s) ﬁ( a:) (7 +7q QS)} iy
F(E) n:OS—_n (E — ?)F(l +] - 3)
0B oo .
kp?9™® r — a
) so-n L sinms [(1+j—s)I'(4 — %)
B oo .
kep? T I'( +Jja+an) _a
A= > : gl (SO
20— F(1+]+S)F(E+7)
using equations (1.5) and (1.6), we have,
A= JE,Z’Q 5( z).

Hence.

Relationship with Fox H-function
Theorem 5.2 Let k,p € RT — {0}; Re(a) > 0, Re(3) > 0, Re(y) > 0,andq € (0,1) U N, j € Ny
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then the j-generalized p-k Mittag-Lefller function is given in the form of Fox H-function, as.

it L o ©0D),- 3 —79:9);
WHZB —qu k . (52)
k (071)7(1_§?%)7(_j71);

Proof. Using the equations (5.1) and (1.25), we get the desired result.

BB 5(2) =

Relationship with Wright hypergeometric function

Theorem 5.3 Let k,p € Rt — {0}; Re(a) > 0, Re(8) > 0, Re(y) > 0,andq € (0,1)UN, j € Ny,
then the j-generalized p-k Mittag-Leffler function is given in the form of Wright hypergeometric
function, as.

M zp?
ra N .
&) (2, 9)(1+4,1);

Proof. Using the equations (5.1) and (1.24), we get the desired result.

Elle)

J ’YQ()_

T (5.3)

Euler Beta Transform, Laplace Transform and Mellin Transform of j-generalized
p-k Mittag-Leffler function

Theorem 5.4 Let k,p € Rt —{0}; a,b,0 € C; Re(a) > 0, Re(3) > 0, Re(y) > 0, Re(o) > 0 and
g € (0,1) UN,j € Ny, then Euler Beta Transform of j-generalized p-k Mittag-Leffler function,
is given by,

(LD, (G +aj,9), (a,0);
33 zp? % | (5.4)
(£.2),(1+4,1),(a+b,0);

kpi4=% I'(b)

1
a—1 b—1 Y,q o
z 1—2 JE o, (x2%)dz =

Proof Consider the left side integral and using equation (5.4), we have

1
AE/O 2271 — 2)b UEggﬁ(xz")dz

1
A= Z Jociya 7" / R () L )
0

Fk na+6 (n+7)!

using definition of Beta functlon, we have

xn
A n+.7 q,k B b
Z rk noz—i—ﬁ Y ioontad)

using equation (1.5),(1.6) and (1.24), we have

B k-p]'fI*%F(b) (17 1)7 (% + Qj7 Q)7 (a7 O-)q;,g
A= Wﬁ% rpt k
k (£,%),(1+4,1), (a+b,0);

Hence.
Theorem 5.5 The Laplace transform of j-generalizedp-k Mittag-Lefller function, is given by,

o hpi— 2 g-a (1,1), (% + 44, 9), (a, 0);
a—1 —ZS] Y59 o _ p? Kk
2 IEYY (227)de = Pt iy P! 5.5

(% $)(1+4,1);

17


https://doi.org/10.20944/preprints202005.0054.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 May 2020 d0i:10.20944/preprints202005.0054.v1

Where k,p € RT — {0}; a,0 € C; Re(a) > 0,Re(8) > 0,Re(y) > 0,Re(c) > 0 and ¢q €
(0,1) UN,j € Ng, and | & [< L.
Proof Consider the rlght side integral and using equation(2.1), we have

A:/O 2071 7Z”Ezg/3( 27)dz

A= Z n+y q.k z" /ooz'rw'—i-a—l e~
Fk (na+ B) (n+4)! Jo ’

using definition of gamma functlon, we have

s (n+37)q, T \n
Z:: m+ﬁ=’(jl+j)!r(an+a)(s7)

using equation (1.5),(1.6) and (1.24), we have

) 1,1), (% ] ;

e k 7qu s w ( ) )7(k +q.]aQ)7(:p7qo-_z%ﬂ
= T < ~~_ _ 3¢2 rea
() :

(% )1+ 5,1);

Hence.
Theorem 5.6 The Mellin transform of j-generalized p-k Mittag-Leffler function, is given by,

kpY=ET(s) P(1— 8) T(X + qj — gs) pF
rE—o)r()ri+j—s w

/ B S(—wt)dt = )8 (5.6)
O b

Where k,p € R™ — {0}; a,0 € C; Re(a) > 0,Re(B8) > 0,Re(y) > 0,Re(s) > 0 and ¢q €
(0,1)UN, j € Np.

Proof Putting z = -wt in equation (5.1), we have

kp"F [ DL = )Gt ja—as) e
pELas(wt) = omil(}) /L ré- Olf)F(f+j — ) (Cuwtp?r)ds
0t
aEggﬂ(—wt) = 2";5;(2) Lf*(s)(t)—scls (5.7)
where
F(s) = L(s)I'(1 =) I'(3 +5q — q5) )
TG -9 A+j5—s)

using equation (1.28),(1.29) and (5.7), which immediately leads to (3.9).

Particular cases:Putting some particular values of j,p,q, k,a, 8,7 we obtain all the results
given by [1], [3.[8],[9],[10].[11],[12].[13]and [14].
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